Abstract. We are mainly concerned with the Dirichlet initial boundary value problem in one-dimensional nonlinear thermoelasticity. It is proved that if the initial data are close to the equilibrium then the problem admits a unique, global, smooth solution. Moreover, as time tends to infinity, the solution is exponentially stable. As a corollary we also obtain the existence of periodic solutions for small, periodic righthand sides.
1. Introduction. This paper is concerned with global existence, uniqueness, and asymptotic behavior of solutions to the equations of one-dimensional nonlinear thermoelasticity subject to Dirichlet boundary conditions for both temperature difference and displacement. Moreover, the question of existence of periodic solutions is addressed.
The reference configuration is represented by the interval Q := (0, /), I being a fixed positive number.
The equations for the displacement u = u(t, x) from the reference configuration and the temperature difference Q = 6{t, x) = Ta(t, x) -zQ , where Ta is the absolute temperature and r0 is the constant reference temperature, read as follows: g:'WT70 (for |0| < tq) ,
observing -dS/dd = dN/dux (cf. [12] ), and assuming Q = Q{6X) for simplicity,
we may rewrite the equations as utt -a(ux , 6)uxx + b{ux , 6)dx = f, ( Considering first the Dirichlet initial boundary value problem, u and 6 are subject to the following boundary and initial conditions respectively:
u{t,0) = u(t,l) = d(t,0) = 6(t,l) = 0 in [0, oo], (1.5) u(0, x) = u0(x), ut(0, x) = ux{x), 6(t = 0) = 60(x) inQ, (1.6) with prescribed data uQ, u] , and 60 .
Slemrod proved in [15] the global existence and asymptotic stability of solutions if u and 6 satisfy Neumann-Dirichlet (ux = 6 = 0) or Dirichlet-Neumann (u = 6x = 0) boundary conditions (see also Zheng [16] ). The Dirichlet-Dirichlet case (1.5) remained open until Racke and Shibata recently proved in [12] the global existence of small smooth solutions using spectral analysis methods. Polynomial decay rates as t -> oo depending on the smoothness of the initial data were also obtained.
On the other hand, Munoz Rivera recently proved in [ 1 ] the exponential decay of solutions to the Dirichlet-Dirichlet initial boundary value problem in linear thermoelasticity, using the energy method and a tricky treatment of some boundary terms.
The main aim of this paper is to use Munoz Rivera's idea to improve the results of Racke and Shibata [12] , The improvement is threefold: we obtain an exponential decay result, less regularity of the data is required, and the proof is much simpler. Moreover, the existence of periodic solutions is obtained as a corollary.
We wish to mention that Shibata [13] and Jiang [6] recently discussed the corresponding Neumann problem, the latter also for £2 being the half-line, where decay rates are only given in [13] proving polynomial decay. Previously, the Cauchy problem Q = K was investigated by Kawashima and Okada [8] , Kawashima [7] , Zheng and Shen [17] , and Hrusa and Tarabek [3] , proving the global existence of small solutions. The blow-up for large data was shown for the Cauchy problem by Dafermos and Hsiao [1] and Hrusa and Messaoudi [2] . The case of a half-line assuming the same boundary conditions as Slemrod was discussed by Jiang [4] as well as recently the Dirichlet-Dirichlet case in [5] , without giving any decay rates.
The following assumption is made throughout the paper. Remark. The conclusion of the Main Theorem still remains valid if fx, f2 also depend on higher-order (quadratic , ...) terms in u and 6 up to their second derivatives.
Since we are looking for the solution in a K-neighborhood of the origin, we can assume without loss of generality that the functions a, b, c, d and their derivatives are bounded. Let u2 := utt{t = 0), Qx := 6t(t -0) be given formally through the differential equation, explicitly in terms of the initial data uQ, w,, dQ : u2 = a(u0 x, 00)u0 xx + b(u0 x, e0)60 xx + f(t = 0), (1.10)
.2. Moreover, there are constants cl, c2> 0 such that for t > 0 3 2 \\Dju{t)\\2 + £ \\DJ6(t)\\2 + \\etxx(t)\\2 + \\0xxx(t)\\2 7=° 7=0 (1.14)
l"oll2 + KII2 + IM? + ll^olll + \\eiA + dr
Remark. It should be noticed that Jo supe 2 / e 2 -i(r) dr < eJc2
holds. This is needed for the corollary on periodic solutions below. By using the technique of Matsumura from [10] , exploiting the exponential stability, we obtain the existence of global, small periodic solutions provided /, and f2 satisfy the following additional assumption. Since Theorem 2.1 can be proved by standard methods-energy method and contraction mapping principle-we omit its proof (cf. [12] and Slemrod [15] for the case of the Dirichlet-Neumann boundary condition).
We now proceed to get uniform a priori estimates.
Multiplying ( Remark. The differentiation with respect to t twice is formally not allowed, for example, utm is not defined. But smoothing the initial data here and going to the limit in the final energy estimates justifies (2.4) and similar calculations below. Observe, for example, that only ||«(((|| will appear in the energy estimate.
Differentiating (1.3), (1.4) with respect to x, multiplying it by utx and 6x, respectively, then adding together, and integrating with respect to x, we get Here we used butx-g-d0xx\'o = -c6t lo = 0.
In order to deal with the boundary terms we use a technique due to Munoz Rivera [11] (for the linear case). We remark that an important aspect in [11] is to consider the once-differentiated equation. This leads to second-order energy terms, which are needed to get decay information for the first-order energy and then for the secondorder energy too. Here we shall also consider the third-order energy terms because of the regularity assumptions in the local existence theorem.
We differentiate (1.3) with respect to t, multiply it by {x -l/2)utx , and integrate with respect to x to obtain Jo (X ~~ O U'x{U"' ~ aU'xx ~ a'U™ + b<9* + bd'x ~ ft) ^ = °' ' (2 '6) Tt /0' (* ~ l) U'*U" * ~ Jo (X " O U"U"X It is easy to see that there exists e* > 0 such that for 0 < e < e* there are constants AT,, K2 such that KxX2{t) < X{(t) < K2X2{t) (2 Observe that all terms in /? , j = I, , 13, contain derivatives of the coefficients a, b, c, or d; hence, they are at least cubic terms. As examples for the proof of where the right-hand side is assumed to be less than 1 without loss of generality, then (2.46) and (2.48) hold for 0 < s < /, for some /, > 0; hence, (2.50) holds in s = t{ , which is the desired a priori estimate. Now the usual combination of the local existence and uniqueness theorem with the above uniform a priori estimate yields the Main Theorem (cf., e.g., [9, 12, 14] for this standard argument); the exponential decay claimed there follows from (2.50) observing that \WXXX\\2 + \\6xx\\2 + \\6txx\\2 + \\6xxx\\2 can be bounded by Xx and that X,(0) < *3o(IKH2 + IK II2 + \\u2\\] + ||0OH2 + ||0, II2 + ||/,(f = 0)||2 + IIg,(t = 0)||2) holds. □
